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Abstract  In this paper, the vibration of an AFM 
microcantilever with one and two layers of piecewise 
piezoelectric is analyzed. With respect to discontinui-
ties in the MC, due to the piezoelectric layer, the 
non-uniform beam model is used in the modeling of 
vibrating motion. The vibration analysis of MC is 
carried out near the sample surface in the non-
contact mode. To solve the nonlinear differential 
equation of motion, both numerical solution and 
multiple time scales (MTS) method are used and the 
results are compared. Comparison of results, at the 
non-contact mode, shows good agreement between 
the two solving methods at normal equilibrium dis-
tances (d 2nm). MC is modeled with one and two pi-
ezoelectric layers; the nonlinear behavior of each 
MC is studied by investigating the effect of geomet-
rical dimensions of each layer on the nonlinearity of 
the system. It is then become clear that they can af-
fect the nonlinearity of the system. 

Keywords  Multi-Layered Piezoelectric 
Microcantilever, AFM, Multiple Time Scale Method, 
Nonlinearity.  

NOMENCLATURE 
V Microcantilever bending vibration 

i Density 
A Cross section area 
hi Layer thickness 
Wi Layer width 
L Microcantilever length 
L1 Lower piezoelectric length 
L2 Upper piezoelectric length 
Ei  Linear elastic stiffness coefficient of each layer 

ES11  Elastic compliance constant at constant electric field 
d21  Piezoelectric constant 

Le21  Piezoelectric stress constant 
HLi Heaviside function 
K(x) MC spring constant 
P(t) Total input voltage 

Ps 
Applied voltage for controlling the static equilibri-
um orientation 

Pd(t) 
Applied voltage for controlling the amplitude of vi-
bration 

Fts Nondimensional tip – sample force 
H Hamaker constant 

 Typical atomic distance 
R Tip radius 
Y Tip-sample separation 

d Equilibrium distance  
V~  Static deflection of MC
u Dynamic deflection of microcantilever 
Ce Electrical coupling coefficient 
qn Generalized time-dependent coordinates 
Un nth mode shapes 

n Modal damping terms 
n Natural frequency 

gn Coefficients of differential equation of motion 
 Excitation frequency 
 Bookkeeping parameter 
 Detuning parameter 
f Nonlinear coefficient 
k
ny Neutral axis for the multi layer section 

I. INTRODUCTION 
Piezoelectric-material-based micro-electromechanical 
systems (MEMS) are equipments that have been used in 
a vast range of electromechanical applications during 
recent years. Using direct and reversed properties of the 
piezoelectric material, such equipments can be applied 
as actuators or sensors (Wang et al., 2003; Zhang et al., 
2003). Micro-electromechanical systems with one or 
two piezoelectric layers are classic samples, which are 
used extensively in acoustic sensors, speakers, amplifi-
ers, micro-pumps, micro-positioning equipments, and 
many other applications. Such micro-actuators and mi-
cro-systems can be used as nano-robots, nanolithogra-
phy, biological cell and nanoparticles transporters, sen-
sors, and surface imaging actuators in the AFM (Sitti 
and Hashimoto, 2000; Dong et al., 2007; Rogers et al., 
2004; Adams et al., 2005). 

Most of the earlier works performed on the piezoe-
lectric MCs emphasized on their actuating and sensing 
applications. Itoh and Suga (1996) and Lee et al. (1999) 
made MCs with one and two piezoelectric layers were 
used for the dynamic scanning force microscope (SFM) 
in which the piezoelectric layer is used as the MC actua-
tor and sensor. Using this MC, they could provide im-
ages with favorable quality, which required no external 
actuators and sensors. Rogers et al. (2004) used the pie-
zoelectric MC with ZnO layer as the sensor and the ac-
tuator for AFM tapping mode. 

So far, many analytical models have been presented 
for beams two piezoelectric layers for applications with 
macro dimensions in which a piezoelectric layer is used 
as the actuator and another piezoelectric layer as the 


