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Abstract� A �nite element formulation to

deal with the friction contact problem between

an elastic body and a rigid foundation is pre-

sented. An augmented Lagrangian method,

which incorporates two Lagrange multipliers

and a slack variable in the constraint equa-

tion, is developed. In this method, the so-

lution is achieved through a Newton-Raphson

monolithic iterative strategy and leads to sim-

ple implementation. Examples are provided to

demonstrate the accuracy of the proposed al-

gorithm.
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I. INTRODUCTION

Nonlinear contact mechanics is used in many me-
chanical engineering branches, and numerous works
have been dedicated to the numerical solution of con-
tact problems, including the design of gears (Gamez-
Montero et al., 2005), metal forming processes (Flo-
res, 2000; Garino Garcia and Ponthot, 2008), contact
fatigue (Madge et al., 2007) and many other applica-
tions. New advances and techniques, including fric-
tion, large deformation, plasticity and wear, are con-
stantly being introduced. However, there is not yet a
completely robust algorithm suitable for di�erent ap-
plications in contact mechanics.
The governing equations for the contact problem are

nonlinear and nondi�erentiable; therefore, these equa-
tions pose severe convergence problems for the stan-
dard Newton-Raphson techniques. Several algorithms
have been proposed in the literature to solve this prob-
lem. A complete review has been performed (Wriggers,
2002).
The penalty method is widely used in many con-

tact algorithms. This method adds a �penalty� term
to the energy functional, which regularizes the con-
straints. In this case, the displacement is the only
primal variable in the formulation, and consequently,
the computational implementation is relatively easy to
be carried out. The disadvantage is that this method

allows some penetration between the contacting bod-
ies, and the user must choose a correct value of the
parameter (the �penalty factor�) in a rather arbitrary
way to achieve acceptable solutions. The exact so-
lution is obtained only for an in�nite penalty value;
however, a large penalty value leads to ill-conditioned
matrices with severe precision losses in the computa-
tions. Therefore, many tests have to be carried out to
�nd the correct penalty value and verify convergence.

Nonlinear contact mechanics can be related to non-
linear optimization problems, which allows the use
of formulations with a more solid mathematical ba-
sis than the penalty method. The contact is mod-
eled using inequality constraints. This problem can be
formulated using the method of Lagrange multipliers,
which results in a saddle point system to be solved at
each iteration. An Uzawa-type algorithm is often em-
ployed. In this double loop algorithm, the equilibrium
problem is solved in the inner loop assuming a �xed
value for the Lagrange multiplier. The Lagrange mul-
tipliers are then updated within the outer loop, and
a new equilibrium problem is solved iteratively. This
procedure �nishes when the residual equilibrium, the
residual constraints and the Karush-Kuhn-Tucker con-
ditions are met within a certain tolerance. The method
of Lagrange multipliers is very popular in contact me-
chanics because it overcomes the ill-conditioning in-
convenience of the penalty method; however, it gen-
erates an increase in the matrix size due to Lagrange
multipliers with null diagonal terms in the global sti�-
ness matrix, and this method results in a more complex
implementation because of the double iteration strat-
egy. If the problem is highly nonlinear, this proce-
dure may be computationally expensive (Laursen and
Maker, 1995).

A combination of both the penalty and the La-
grange multipliers techniques produces the so-called
augmented Lagrangian method (Bertsekas, 1982). The
augmented Lagrangian method was proposed �rst by
Hestenes (1969) and Powell (1969) to solve optimiza-
tion problems with equality constraints. The addi-
tion of the penalty term to the Lagrangian constraints
allows one to obtain a convex objective function far
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