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Abstract— In this paper we obtain the extension
of results on input-to-output stability properties of
switched systems to switched systems whose dynamics
are described by perturbed forced differential equa-
tions and whose outputs are obtained via switched per-
turbed functions. We also present Lyapunov character-
izations of these input-output stability properties, ob-
tained in terms of certain conceptual output functions.
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I. INTRODUCTION

In the last decade, the study of the properties of switched
systems described by

ẋ = f(x, u, σ), y = h(x), (1)

with σ : [0, +∞) → Γ an arbitrary switching signal and
Γ the index set, has attracted a great amount of attention,
mainly motivated by the rapidly development of the area
of intelligent control (see Liberzon (2003) and references
therein for details). In fact, switched systems (1) enable us,
for example, to model the continuous portion of a hybrid
system, see Branicky (1998) and Lygeros et al. (2003).

In this context, different stability properties of system (1)
were studied and characterized in terms of Lyapunov func-
tions (see among others Liberzon and Morse, 1999, Liber-
zon, 2003, Mancilla-Aguilar and Garcı́a, 2000, 2001).

On the other hand, although under mild regularity con-
ditions, differential equation (1) provides, for each initial
condition and each switching signal, a complete descrip-
tion of the time evolution of the state x and, in conse-
quence, a tractable analysis of the closed loop system (with
u(t) = k(x(t))), it lacks in robustness. Hence, in or-
der to take into account some of the uncertainty caused
by errors and disturbances that are inevitable in any real-
world control problem, a more general model was consid-
ered in Mancilla-Aguilar et al. (2005): switched systems
described by forced differential inclusions

ẋ ∈ F (x, u, σ), y = h(x). (2)

In that work representations of system (2) were obtained
by means of perturbed control systems described by dif-
ferential equations, whose inputs are those of the original
system and perturbations that evolve in compact sets.

As immediate applications of the results on the represen-
tations, Lyapunov characterizations of the input-output-to-
state stability and several input-to-output stability proper-
ties were developed.

Nevertheless the model (2) does not take into account
the fact that the output could be obtained by switching dif-
ferent output maps, and that for these maps uncertainties
caused by errors and disturbances should also be taken into
account.

This would lead us to consider the general model

ẋ ∈ F (x, u, σ), y ∈ H(x, σ). (3)

The treatment of such a model involves subtle and lengthy
technicalities, and for this reason in this paper we will focus
instead on the relatively easier to study class of switched
systems described by

ẋ = f(x, u, σ, ω), y = h(x, σ, ζ), (4)

where ω and ζ model the uncertainties and disturbances,
and leave the treatment of systems (3), to be presented else-
where.

In this work, then, we obtain necessary and sufficient
conditions for different input-to-output stability properties
for systems (4).

The conditions obtained are characterized by certain
conceptual output maps that enable us to reduce the treat-
ment of system (4) to that of the (considerably easier to
handle) system

ẋ = f(x, u, σ, ω), y = h̃(x). (5)

As immediate application of our results, we extend pre-
vious results on Lyapunov characterization of those input-
to-output stability properties to systems (4).

The paper is organized as follows. In Section II we es-
tablish the basic notation and the class of switched systems
we consider. In Section III we state the notions of stabil-
ity that we will address. Section IV presents the main re-
sult. In Section V, we develop Lyapunov characterizations  


