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Abstract−− A new class of multistep methods for 
stiff ordinary differential equations is presented. The 
method is based in the application of estimation 
functions for the derivatives and the state variables, 
allowing the transformation of the original system in 
a purely algebraic system using the solutions of pre-
vious steps. From this point of view these methods 
adopt a semi-implicit scheme. The novelty intro-
duced is an adaptive formula for the estimation func-
tion coefficients, deduced from a combined analysis 
of stability and convergence order. That is, the esti-
mation function coefficients are recomputed at each 
time step. The convergence order of the resulting 
scheme is better than the equivalent linear multistep 
methods, while preserving the properties of stability. 
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I. INTRODUCTION 
Solving differential equations numerically is, even to-
day, still a great challenge. This applies especially to 
stiff differential equations and to closely related prob-
lems involving differential equations. Linear multistep 
methods and, in particular, Backward Differentiation 
Formulae (BDF) (Gear, 1971; and Ascher and Petzold, 
1998) are regularly used for the numerical solution of 
stiff initial value problems. 

A high-quality numerical method for the solution of 
stiff Ordinary Differential Equations (ODE) must have 
good accuracy and some wide region of absolute stabil-
ity (Dahlquist, 1963; Enright, 1974; Ismail and Ibrahim, 
1999; and Lambert, 1972). The latter imposes a strong 
limitation on the choice of suitable methods for stiff 
problems. 

In general, the search for high-order A-stable meth-
ods has been carried out in the two main directions: 
• Use of higher derivatives of the solutions 
• Introduction of additional stages, off-step points, 

and super-future points (this leads into the large 
field of general linear methods; Hairer and Wanner 
1996). 

In the present paper a new class of multistep meth-
ods is derived, having good stability properties and im-
provements in the convergence order compared with 
equivalent linear schemes. The difference with the oth-
ers multistep methods is the application of estimation 
functions not only of the derivatives but also of the state 

variables, which leads to the transformation of the 
original system into a purely algebraic system. The 
method proposed is an improvement over the linear 
multistep schemes in the sense that it incorporates 
nonlinear correction coefficients while keeping A-
stability and high-order of convergence. In the last sec-
tion, numerical experiments are presented comparing 
the new method with BDF. 

II. LINEAR MULTISTEP METHOD 

Let us consider the initial value problem 
 (1)
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a constant time step), [ ] mRNhtty →+00 ,: , ( )1y  stands 

for the first temporal derivative, and mm RRf →:  is 
continuous and differentiable. 

The general multistep method can be written in the 
form (Ascher and Petzold, 1998) 
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where ii βα ,  are parameters to be determined, 
)( nhtyyn += 0 . A multistep method is of order p if 

and only if (Butcher 2003) 
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with pq ≤≤0 . 
The well-known multistep scheme BDF is given by  

 ( )n

k

i
ini yfhy 0

0
βα =∑

=
−

. (4) 

This scheme is a class of k-step formula of order k, 
and for 2=k , the BDF coefficients are 
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III. NEW MULTISTEP METHOD 
The general multistep formula (i.e. Eq. 2) is essentially 
a transformation of the differential Eq. 1 into a purely 
algebraic equation by means of the estimators 
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In this work, let us propose the following set of trans-
formations for )1(
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