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Abstract— In this paper we propose a new method 

based on adjoint systems for parametric sensitivity 
analysis of DAE’s. This method is employed in a 
series of experiments, and the results are compared 
with the estimation of sensitivity by a finite 
differences method, widely used because of the 
simplicity of its implementation. In addition, we 
propose a method extension based on the use of 
estimation functions that allows transforming the 
original adjoint system into an algebraic system, 
making it suitable for many efficient numerical 
methods. 
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I. INTRODUCTION 
The mathematical models that are currently being used 
to investigate physical phenomena are becoming more 
and more realistic. The new characteristic of these 
models is that they often use parameters whose values 
may not be accurately known calling for parametric 
sensitivity analysis. Areas of application include 
optimization, parameter estimation, optimal control, 
model simplification, process sensitivity, uncertainty 
analysis, and experimental design for a wide range of 
scientific and engineering problems. 

Recent work on methods and software for 
sensitivity analysis of differential algebraic system 
(DAE) (Cao et al., 2003; Feehery et al., 1997; Li and 
Petzold, 2000; Li and Petzold, 1999; Li et al., 2000; and 
Maly and Petzold, 1997), has demonstrated that 
subsequent sensitivity values can be computed reliably 
and efficiently via automatic differentiation in 
combination with DAE solution techniques. 

However, there are some difficult issues when 
trying to make sensitivity analysis of DAE systems with 
a large number of parameters compared with the 
number of variables. In these cases, the extension of the 
original system with the equations required for the 
sensitive analysis makes the resulting system grow 
significantly, and therefore, the calculation efficiency 
decreases. 

The first contribution of this paper is the 
employment of a new method based on adjoint systems 
for parametric sensitivity analysis, whose theory was 
recently proposed for differential algebraic equations 
(Cao et al., 2003). Following this method, it has been 
proved that it is possible to calculate the sensitivity of 

parameters using linear adjoint systems, with no need to 
extend the original system, what allows improving the 
calculation efficiency considerably. 

This method is used in a series of experiments, 
where the results are compared with the estimation of 
sensitivity by the finite differences method, widely used 
for the simplicity of its implementation. 

The second contribution of this paper is to propose 
an extension of the method based on the use of 
estimation functions that allows transforming the 
original adjoint system into an algebraic system, making 
it suitable for the implementation of many efficient 
numerical methods. 

II. SENSITIVITY CALCULATION FOR 
DIFFERENTIAL ALGEBRAIC SYSTEMS BY 

ADJOINT METHOD 
The numerical solution of initial value problems 
modeled by DAE has attracted the interest of the 
numerical community for the last 30 years (Brenan et 
al., 1996 and Kees and Millen, 1999). Many 
engineering and scientific problems can be naturally 
modeled with DAE’s, mostly for balance equations of 
the general form: 
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composed by a combination of differential and algebraic 
equations, where xNx R∈  is the state variable vector, 
and pNp R∈  is a parameter vector. 

The problem of calculating the sensitivity of 
parameters of a DAE system takes the following form: 
for a parameter dependent DAE system of type (1), find 
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 at time T , for :1,.., pj N . 

Their solution requires the simultaneous solution of 
the original DAE system with the pN  sensitivity 
systems obtained by differentiating the original DAE 
with respect to each parameter in turn (Cao et al., 2003). 

For large systems this may look like a lot of work, 
but it can be done efficiently, if Np is relatively small, 
by exploiting the fact that the sensitivity systems are 
linear and all share the same Jacobian matrices with the 
original system (Li et al., 2000). 

However, some problems require calculating the 
sensitivities with respect to a large number of 
parameters. For these problems, particularly if the 


