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Abstract— Frictional contact interfaces have
to be modeled in practice when industrial prob-
lems such as metal forming operations, crash-
worthiness, and so on, have to be simulated.
Usually a Coulomb model is used in order
to describe the constitutive law for the fric-
tional case. Following a standard non associ-
ated plasticity approach to Coulomb law a non-
symmetric tangent operator results, and so a
non-symmetric solver has to be used in order
to take full advantage of consistent operators.
With respect to symmetric ones, these non-
symmetric operators lead to prohibitive com-
putational times. However, in practice dif-
ferent schemes have been proposed in order
to recover the symmetric operator, and con-
sequently, use a symmetric solver. In this work
an alternative approach based on an idea due
to Garćıa Garino and Oliver (1992) is defined
in order to avoid to deal with non-symmetric
solvers and thus save a large amount of com-
putational time, which renders the computa-
tional simulation more attractive to industry.
Applications to metal forming simulations and
crashworthiness analysis are considered.
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I. INTRODUCTION

The Finite Element Method (Zienkiewicz and Taylor,
1989; Bathe, 1996) can be considered as a valuable tool
in order to simulate large industrial applications. In
the last few years very important progress has been re-
ported in the simulation of non linear problems involv-
ing plasticity, large strains and metal forming simula-
tions, as can be seen in the proceedings of Computa-
tional Plasticity (Owen et al., 1987, 1989, 1992, 1995,
1997) or NUMIFORM conferences (Thomson et al.,
1989; Chenot et al., 1992; Shen and Dawson, 1995 and
Huetink and Baaijens, 1998). In many cases the sim-
ulation of manufacturing processes like metal forming

requires to take into account, besides non linear consti-
tutive models, complex boundary conditions like fric-
tional contact behavior (Huetink and Baaijens, 1998;
Chen and Kikuchi, 1985; Wriggers and Vu Van, 1990).
Another important field of research where this kind of
interfaces are required is Crashworthiness analysis.

The contact problem involves the interface of two
deformable bodies or a deformable body against a rigid
tool (unilateral contact). In both cases one body is
prevented from penetrating the other. Consequently
the possible configuration and displacement fields are
constrained in the admissible values to be reached.

From the mathematical point of view, the mechan-
ical problem stated in the previous paragraph can
be considered like an optimization problem and sev-
eral methods can be found in the literature: Penalty
method (Ponthot and Graillet, 1999; Hallquist, 1982,
1986), Lagrange Multipliers (Hughes et al., 1976;
Bathe and Chaudary, 1985, 1986) and Perturbed La-
grange Formulations (Simo et al., 1985), from which
the two others method can be derived, and Augmented
Lagrangian formulations. (Wriggers et al., 1985; Simo
and Laursen, 1992; Laursen and Simo, 1993).

The frictional behavior is usually taken into account
in Computational Mechanics by mean of elastoplastic-
ity analogy (Curnier, 1984), and in the last years Wrig-
gers and coauthors (Wriggers, 1987; Wriggers and Vu
Van, 1990) have derived very efficient numerical tools,
extending the Radial Return algorithm to this context.
A review of the subject can be found, among others,
in Agelet de Saracibar (1990) and Zhong and Mackerle
(1992).

The frictional contact problem can be stated en-
hancing the variational unconstrained problem in or-
der to include the contact and friction contributions.
The Finite Element Method leads to write the corre-
sponding discretized problem adding to the Stiffness
Matrix K and residual forces R the contact contri-
butions Kc and Rc respectively and friction is taken
into account by mean of Ff , vector of nodal forces
resulting from frictional interactions and Rf respec-
tively. The standard treatment of frictional problem is
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