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Abstract— In this work a dual-mixed FE-
formulation for thermodynamically consis-
tent gradient-dependent plasticity is proposed
which leads to a fixed point iterative schema.
At the constitutive level, the gradient-based
Drucker-Prager model for cohesive-frictional
material by Vrech and Etse (2005) is consid-
ered, which was formulated in the framework
of the thermodynamically consistent gradient
plasticity theory by Svedberg (1999).

The robustness and efficiency of the proposed
numerical tools are verified by means of com-
putational analysis of inhomogeneous, uniaxial
compression and tensile tests. These numeri-
cal results also demonstrate the capability of
the gradient-dependent plasticity formulation
to regularize the post peak response behavior
regarding the mesh density as well as the influ-
ence of the internal length on the width of the
plastic strains band.
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I. INTRODUCTION

The computational simulation of crack and shear band
formations in cohesive-frictional materials and met-
als was advocated by many different authors, see a.o.
Nadai (1931), Thomas (1961), Hill (1962), Rudnicki
and Rice (1975), and more recently, Sobh (1987), Perič
(1990), Ottosen and Runesson (1991), Willam and
Etse (1990), Sluys (1992), Rizzi et al. (1995), Etse
and Willam (1999). From these investigations fol-
low the strong shortcomings of the so-called ”smeared-
crack” criterium to objectively predict localized failure
modes of materials. To solve this deficit, regulariza-
tion strategies of the softening regime are required.

In this work the regularization approach that is ap-
plied to the constitutive equations is based on non-
local considerations in terms of higher gradients of the
deformation field. The gradient functions are evalu-
ated in the vicinity of the material points to obtain
a spatial average of the deformation field. This is ac-

complished by defining the gradient of a selection of
thermodynamic variables.

One of the crucial points in gradient dependent con-
stitutive materials is the FE formulation to obtain ef-
ficient and robust solutions at the global or structural
level. In this work a dual mixed FE procedure for ther-
modynamically consistent gradient-dependent plastic-
ity based on CST elements is presented. The proce-
dure considers two uncoupled but sequenced iterative
processes for the update of the displacement field and
plastic multiplier.

The efficiency and potentials of the dual mixed FE
integration procedure of gradient-dependent plastic-
ity is evaluated. Then, the regularization capabilities
of the FE solutions of gradient-dependent plasticity
are highlighted for bias and unbiased discretizations of
boundary value problems in which the localized failure
condition is fulfilled.

II. GRADIENT-DEPENDENT
ELASTOPLASTICITY

After reviewing the relevant thermodynamic and con-
stitutive equations, the yield condition of the con-
sistent Drucker-Prager gradient-based elastoplastic
model is presented. Thereby, the non-local character
is restricted to the internal plastic variables.

A. Thermodynamic framework

The constitutive equations are obtained from thermo-
dynamic consistency concepts. Under consideration
of small strain kinematics, the free energy density of
a strain gradient elastoplastic continuum can be ex-
pressed in an additive form as

ρΨ(εe, κ, ∇κ) = ρΨe(εe)+ρΨp,l(κ)+ρΨp,g(∇κ) (1)

where ρ is the material density.
The elastic free energy density ρΨe is defined in

terms of the elastic strain tensor εe. The local and
gradient free energy density contributions due to in-
elastic strains Ψp,l and Ψp,g, are expressed in terms of
the scalar hardening/softening variable κ. We observe
in Eq. (1) that the gradient effects are only restricted
to hardening/softening behavior via the inclusion of
∇κ.
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