
AN OBSERVER FOR CONTROLLED LIPSCHITZ
CONTINUOUS SYSTEMS

R. A. GARCIA† and S. M. HERNANDEZ‡

Department of Physics and Mathematics, ITBA.
† ragarcia@itba. edu.ar ‡ shernand@itba.edu.ar

Abstract— In this paper we present an ob-
server for controlled nonlinear systems that
are locally Lipschitz continuous in both the
state and control variables. This observer is
based on a recently introduced model of ob-
server for autonomous Lypschitz continuous
systems, and can be designed to realize an ar-
bitrary, finite accuracy when both the state
space and control variables evolve in bounded
regions.

Keywords— Nonlinear observers, Lips-
chitz continuous systems.

I. INTRODUCTION

The design of observers for nonlinear systems has re-
ceived considerable attention along the last twenty
years, see Nijmeijer and Fossen (1999) and Kreis-
selmeier and Engel (2003) and references therein for
details. Lie algebraic methods have been employed
(Krener and Isidori, 1983; Gauthier et al., 1992;
Garćıa and D’Attellis, 1995; Atassi and Khalil, 1999;
Garćıa et al., 2000; Gautier and Kupka, 2001) to
transform a class of nonlinear systems into normal
forms for which observers, with guaranteed conver-
gence and even with nonlinear separation proper-
ties, are obtained. The Lie algebraic methods are
restricted to the class of systems for which there ex-
ists a suitable state-space transformation. Smooth-
ness is in this case instrumental in order to obtain
such transformation, which may exist only locally
and may be difficult to obtain. Although non-smooth
systems occur frequently in practice, the results ob-
tained are few in comparison with those for smooth
systems. Among the approaches developed for non-
smooth systems, that of the so-called optimization
based observer is particularly appealing. This ap-
proach relies on the minimization of a cost functional
over a moving horizon (see e.g. Zimmer, 1994 or
Michalska and Mayne, 1995) and conceptually is di-
rectly linked to the observation problem, since its
aim is to distinguish between different states by dis-
tinguishing their different output signals over some
interval. As the idea is to store measurements from
a (sliding) interval [t−T0, t], and to generate a state
estimate so as to asymptotically match the predicted

output with the measured one on the whole interval,
this observer concept involves an infinite dimensional
structure, that can at best be approximately realized
at the implementation stage.

In Kreisselmeier and Engel (2003) a different ob-
server design was presented that avoids the mini-
mization stage of the optimization based observer,
stage that under lack of smoothness and/or lack of
convexity poses a tough problem. In that paper the
authors introduced two concepts that characterize
the variations of the output a) in terms of the differ-
ence in the initial conditions (observability) and b) as
functions of time (finite complexity). These concepts
are suitable for a large class of autonomous systems,
which includes smooth as well as non-smooth sys-
tems. The design of the observer is based on a canon-
ical linear model, whose dimension is the parameter
to adjust, and on the construction of a partial inverse
that relates the state variable of this linear model
with the estimate in the original state space.

In this paper we present a generalization of the
observer of Kreisselmeier and Engel (2003) to a class
of controlled non-smooth nonlinear systems. With
this aim, we generalize their observation and finite
complexity concepts, to the case of a finite family
of parameterized non-smooth systems with a unique
output function. Under the hypothesis that for a
suitable discretization of the control values the re-
sulting constant-control parameterized family is ob-
servable and of finite complexity, we obtain an ob-
server that is established in a canonical framework
selecting one single parameter, the dimension of the
observer, large enough. We complete the design by
constructing a family of partial inverse maps, that
act upon the canonical variable according to the ac-
tual value of the (sampled) control. This procedure
yields a finite accuracy observer, where the observa-
tion error bound can be made arbitrarily small by
increasing the dimension parameter above, and by
refining the discretization of the control variable.

II. NOTATION AND PROBLEM
STATEMENT

Throughout, R and N denote the sets of real and
natural integer numbers, respectively. We use | · |
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